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A High-Precision Triangular
Cylindrical Shell Finite Element

Garry M. LinoBERG* AND MERVYN D. Ousont
National Aeronautical Establishment, National Research
Council, Ottawa, Canada

1.0 Introduction

ECENTLY, a highly successful refined triangular shallow
shell element has been developed.! This element uses as
generalized displacements the tangential displacements and
their first derivatives, plus the normal displacement and its
first and second derivatives at each vertex, a total of 36 in all.
The transverse displacement function for the element con-
tains a complete quartic polynomial plus some higher degree
terms and allows a cubie variation of normal slope along each
edge. The tangential displacement functions are complete
cubic polynomials, and it is shown that this formulation leads
to a consistent asymptotic strain energy convergence rate of
n~8, where » is the number of elements per side of a shell.
Results show that this element is exceedingly aceurate and
far outperforms early lower order elements in predicting
stresses as well as displacements.
This element may easily be converted into an efficient and
useful cylindrical shell element simply by substituting eylin-

drical shell theory for the shallow shell theory. The purpose

of this Note is to present the necessary derivations for doing
this and to illustrate the element’s usefulness on an example
application. The problem of a cylindrical shell with a eireular
cut-out is analyzed, and the stress concentration results are
compared with those from both an approximate analytic
analysis? and a new finite difference variational approach.?
The following presentation is necessarily brief, but more de-
tails are available in Ref. 4.

2.0 Cylindrical Shell Finite Element Formulation

The geometry for an arbitrary triangular cylindrical shell
element is shown in Fig. 1. The strain energy of an isotropic

CYLINDER GENERATOR

Fig. 1 Cylindrical shell triangular finite element geom-
etry and coordinate systems.
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Fig. 2 TFinite element predictions of ¢.. membrane stress
distributions.

thin cylindrical shell element in global coordinates as given in
Ref. 5 may be put in the form

U = [Et/2(1 — »)ff{d}7IL]{d}dedy €]
where the eolumn vector {d} is
{7 = (02,00, 00,050, W2y, 03) 2

and the matrix [L] is easily derived. Note that subscripts
denote differentiation.
The transformation from local to global coordinates is

{d} = [RJ{d} ®)
where
{J}T = (ﬁg,ﬁ,,,1’)5,1'),,,w,w55,w5,,,w,,,,) 4

and the rotation matrix [R,] is easily derived. Hence using

Table 1 Results for eylindrical shell with circular hole

ogp/o0at r = 1,

¢ = 90° Strain
Num- Mem- energy
ber of brane for 1

un- Mem- + cylinder
knowns brane bending X 10¢

4 X 4¢grid A 238 3.304 3.833 4.728772
4 X 4grid B 238 3.572 4.108 4.728568
5 X 5grid 367 3.600 4.249 4.729269
Analytic solution, Ref. 2 3.658 4.180
Finite diff. solution, Ref. 3 753 3.603 4.096
Strain energy for 4.712389

cylinder with no hole
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Eq. (3), the strain energy may be written in terms of an inte-
gral over local coordinates as

U = [E/20 — ») S {a}7[L1{d}dgdn (5)
where
[L] = [R:]?[L][Rs) 6)

The displacement functions used in the shallow shell ele-
ment! are also used here to insure conformity and high
accuracy. Thatis, @, b and w are written

10 20 40

@ =3 af™n™, 0= 3 eyt w= 3, aiy"

= i=11 i
@

where m;, n:, i, ¢i, s and s; are just integers.
The stiffness matrix for the element is obtained from a
caleulation of strain energy

U = [Et/2(0 — »)I{A}T[k]{A} ®)

where {A} is a 40-column vector of the polynomial coefficients
a;. The entries of the stiffness matrix [k] are again deter-
mined in closed form and are given in the Appendix.

A transformation matrix [Ty] relating. generalized dis-
placements in Jocal coordinates to the polynomial coefficients
and a rotation matrix [R] relating the generalized displace-
ments in local and global co-ordinates are then derived to give

[Kx] = [R}7[T:]7[k][T:](R] 9)

the 38 X 38 stiffness matrix relative to global coordinates.
Lastly, a static condensation procedure is used to eliminate
the centroidal displacements u. and v, yielding finally a 36 X
36 stiffness matrix in terms of the global generalized dis-
placements { W}, where

{W}T = (ul;u:;lyuyl,vlyvxl,vyly X

W, Wat,Wy1, Wt Way1 Woyt,Ua - - -, Us- - .)  (10)
The matrices [T1], [R] and the condensation procedure are
exactly the same as those used for the shallow shell element.?

The resulting element is completely conforming and contains
excellent approximations of all six required rigid body modes.
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3.0 Example Application

To illustrate the accuracy of this element, the problem of a
cylinder with a circular hole cut-out subjected to a uniform
axial tensile stress at its free ends was solved. The physical
parameters defining the problem were? R = 10.0 in., ¢ =
0.1 in., 7y (radius of hole) = 1.1002 in., L (half length of shell)
= 30in.,» = 0.3and £ = 107 psi.

The problem was solved with two 4 X 4and a 5 X 5 grid of
elements, and the predictions of maximum stress concentra-
tions and strain energies are given in Table 1.  Grid A{4 X 4)
had spacings of i = 7/2, Iy = 3ry/2, Iz = (L — 3ry)/3,
li = 2(L — 3ry)/3, while grid B had &, = r/4, L, = 3ro/4,
I = (L — 2r0)/5, .. = 4(L. — 2ry)/5 where the I’s are the
radial dimensions of successive triangular elements proceeding
outward from the hole. Membrane stress distributions
calculated from the elements’ polynomials are given in Fig. 2.
The circle, square and triangle symbols represent nodal values.
The results of an approximate analytic solution by Eringen
et al.? together with the results of a new finite difference-
variational solution by Johnson3 are also given in Table 1.

The present results converge rapidly and are slightly larger
than the Eringen et al. results for the 5 X 5 grid case. The
membrane stress distributions are fairly smooth and seem
converged as well. It is seen that the 4 X 4 grid B gives re-
sults comparable with the finite difference results but involves
only one third the problem size. Hence, it may be concluded
that the present method is significantly more efficient than the
finite difference method.

The effect of element spacing is interestingly illustrated by
the 4 X 4 grids A and B results. Although the stress con-
centration predictions are higher for grid B, the strain energy
prediction is slightly lower. This illustrates that a grid with
many elements concentrated in a region of high gradients may
give better local predictions at the expense of slightly poorer
over-all results.

A similar eylinder problem has been solved by Key and
Beisinger® using a shell of revolution, shear deformation,
quadrilateral finite element. With a coarse gridwork (ap-
proximately 800 unknowns), they predicted stress concentra-
tions about 8%, low, and with a fine grid (approximately 2800
unknowns), about 0.59; low. The fact that the present
method yields similar accuracy with about an order of magni-
tude less equations reflects the current advancement in the
state-of-the-art.

Appendix
ki = LA, Dmam;Fim; + m; — 2, + n;) + LQ,2)[min; + mandF@m: + m; — 1 + ny; — 1)
724+ LA3)ymapF (m: + p; — 2m: + ¢5) + LAHMGF (m: + p; — i + ¢ — 1) +
L@2)nmnF(m; + mim: + n; — 2) + L@3)nap;F (m; + p; — Lna 4+ ¢; — 1) +

L@4nq;F(m: + pini + ¢; — 2) + L@ 3)pp:F(p: + p; —

Z’Qi + qi)- +

L@ [p:a; + pigslF (i + pi — L,gi + ¢ — 1) + LA qq;F (pi + pigi + ¢ — 2) +
E(L5)ymF(ms + r; — L + 8;) + L2,5)n:Fim; + rymi + s; — 1) +
LBB)pF(p: + r; — Lgs + 83) + LA 5)g:F (pi + riqi + 85, — 1) +
r5(r; = D{L(L,8)mF (mi + r; — 3n + 85) + L2,6)nF (mi + r; — 2ni + 5, — 1) +
LBO)pF(pi + r; — 3,qi + 85) + L4,6)q:F (pi + 75 — 2,¢: + 85 — D} +
risA LA DMF (ms + v, — 2 + 85 — 1) + L@, DniF(m; +7r; — 1ne + 55 — 2) +
LB NpF(pi + i — 2,0: + 85 — 1) + LA&Nq:F (pi + 15 — 1,46 + 85 — 2)} +

si(s; — D{LA8)miF (ms + r; —

l,m + §; — 2) -+ E(Z,S)an(m, -+ T; N + 8§; — 3) -+

LB3)pF (p:i +1; — L,gi + 85 — 2) + LA8):F (pi + r3,¢: + 85 — 3)} +

LBSYF (r: + risi + 8) + L(6,8)ra;(r: —

Vir; - DF@: + r; — 4,8+ ) +

L®8)[rsi(ri — D) (s; — 1) 4+ r8ulry — D(si — DIF(ri + r; — 2,8 + 8 — 2) +
LD rarisisiFre + r; — 2,80 + 85 — 2) + L(8,8)sis;(ss — 1)(s; — VF(rs + 758 + 80 — 4) = ky;

where

F(mm) = c*Hg™* — (—b)"‘;l]m!n!/(m +n 4+ 2)!
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Analysis of a Combustion Instability
Problem Using the Technique of
Multiple Scales

C. E. MrrcueLL*
Colorado State University, Fort Collins, Colo.

Nomenclature

dimensionless sound speed = a*/d;*

dimensionless transfer number = T — r/Al

quantity defined after Eq. (1)

average specific heat at constant volume of the combustion
product gas

combustion chamber length

Mach number = a*/d;*

dimensionless droplet number density = N*(pi*/p:*)
(47r;*3/3)

dimensionless pressure = p*(p,;*)12

dimensionless period of oscillation = P*a*/L*

dimensionless droplet radius = r*/r;*

dimensionless temperature = T*/T;*

dimensionless time = t¥*g;*/L*

dimensionless axial velocity = u*/a;*

dimensionless mass generation = w* /5 *u*

dimensionless axial variable = z*/L*

dimensionless axial variable = z/4

ratio of specific heats

dimensionless latent heat of vaporization = Al*/C,*T;*

dimensionless time variable = 2{/P

amplitude parameter = M /2

dimensionless combustion zone length = n*/L

dimensionless thermal conductivity = A*/A;*

dimensionless viscosity = up*/g:*

dimensionless density = p*/5,*

dimensionless entropy difference = a*/C,*

dimensionless droplet temperature = 7*/T;*

Qe
I

3

zZRY
o

I

N QTR ¥I e Opo@EgR TG

I | T O I T Y

Superscripts

steady-state quantity
unsteady quantity
dimensjonal quantity

1
*

Received September 14, 1970; revision received December 14,
1910. This work has supported in part by NSF Grant GK-3124.
Assistant Professor, Department of Mechanical Engineering.

VOL. 9, NO. 3

Subscripts

7
l
e

quantity evaluated at the injector face
liquid or droplet variable
quantity evaluated at nozzle entrance

Introduction

HIS Note presents a nonlinear analysis of combustion-
driven longitudinal mode pressure oscillations in a liquid
rocket combustor.

Mitchell, Crocco, and Sirignano! and Crocco and Mitchell?
have presented nonlinear analyses of similar oscillations in
rocket motors having combustion source terms represented by
the heuristic sensitive time-lag model devised by Crocco.?
These analyses relied on the use of the Poincaré-Lighthill
strained coordinate technique for their success. The combus-
tion model employed in the work described here is based on a
mechanistic droplet vaporization rate controlled model of the
type used, for example, by Priem? in his instability studies.
For this model, in addition to the use of the simplest kind of
coordinate stretching, the technique of multiple scale is also
employed in order to effectively pursue the analysis of the
oscillations. A general discussion of the technique of multiple
scales has been given by Cole.” It is to be emphasized that
the purpose of this presentation is to demonstrate the effec-
tiveness of the technique of multiple scales in the analysis of a
particular nonlinear instability problem using a mechanistic
combustion model, rather than to present a solution of the
problem of nonlinear instability in terms of results with im-
mediate practical application.

Problem Formulation

The combustor under consideration is assumed to be char-
acterized by one-dimensional flow processes and purely axial
oscillations. Combustion is assumed to occur between z = 0
and 2 = 5. 7 isa function of time if oscillations are present.
In the combustion region, a two-phase flow consisting of liquid
fuel droplets and a constant composition calorically perfect
combustion product gas is assumed. - No droplet drag forces
are considered and, in consequence of this, the liquid droplet
velocity u; is a constant. In addition, the droplet size at
injection is taken to be constant at all times. Forz > # only
product gas is present.

The model adopted in order to predict the liquid droplet
vaporization rate is the simple collapsed flame model for a
droplet in an infinite field combined with an empirical correc-
tion term to account for convection. (For a discussion of
this model see, for example, Ref. 4). Using this model, the
following expression describing the rate of vaporization of the
liquid droplets results:

Dy/Dt = —C/r 1
where
AFLE
Dy Dt = /0t + u1(0/0x)
Re = 2r¥p*[us* — w¥|/u*, Pr = Cp*p*/\*

The conservation equations (mass, momentum, energy)
describing the gasdynamic field are written down in the form
used by Crocco and Mitchell.?2 The set of three nonlinear
partial differential equations in terms of p, u, and o that re-
sults must satisfy a zero velocity condition at the injector and
a constant Mach number (“short nozzle,” see Ref. 1) condi-
tion at the entrance to the nozzle. In addition, all solutions
are required to be periodic in time.

c 1 4+ 0.3Re!*Pr1/2lin(1 4+ B)

Solution of the Equations

The power series approach used to solve the aforementioned
set of partial differential equations follows in a general way



